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COUNTING SEMIREGULAR PERMUTATIONS WHICH ARE
PRODUCTS OF A FULL CYCLE AND AN INVOLUTION

D. M. JACKSON

ABSTRACT. Character theoretic methods and the group algebra of the sym-

metric group are used to derive properties of the number of permutations, with

only p-cycles, for an arbitrary but fixed p, which are expressible as the product

of a full cycle and a fixed point free involution. This problem has application

to single face embeddings of p-regular graphs on surfaces of given genus.

1. Introduction. A permutation is said to be p-semiregular if each cycle in its

disjoint cycle decomposition has length p. The identity, a fixed point free involution

and a full (i.e. of length TV) cycle on N symbols are instances of 1-semiregular, 2-

semiregular and TV-semiregular permutations, respectively. For permutations on

N — kp symbols, let e(fc,p) be the number of p-semiregular permutations which are

expressible as the product of an arbitrary but fixed full cycle and a fixed point free

involution. In this paper we investigate the properties of this number. The problem

has application to the study of 2-cell embeddings of graphs and hypergraphs on an

orientable 2-manifold (Machi [5]). It was prompted by the work of Bayer and

Morrison [6] on singularities in surfaces, where they considered permutations with

a prescribed number of cycles, expressible in this form. This and a generalization

were considered in [4]. The present question is a restriction of Bayer and Morrison's

problem to the p-semiregular case.

For example, e(2,3) = 1 since (1 5 3)(2 6 4) = (1 2 3 4 5 6)(1 4)(2 5)(3 6)
is the unique 3-semiregular permutation in S6 which is the product (carried out

from right to left) of the fixed cycle (12 3 4 5 6) and a fixed point free involution.

It is a feasible but laborious hand calculation to show that e(3,4) = 45. One

of these 45 permutations is (1 8 11 6) (2 5 12 7) (3 10 9 4) since this is equal to
(1 2-12)(l 7)(2 4)(3 9)(5 11)(6 12)(8 10). These hand calculations agree with
Corollaries 5.2 and 5.1 respectively. Although embeddings of maps are peripheral to

the problem, the maps corresponding to these two cases are given in the Appendix,

together with diagrams giving the faces explicitly.

We use, without further explanation, combinatorial and algebraic facts about the

group algebra CSjv of the symmetric group Sn on N symbols over the complex field

C. These facts are to be found in [4], together with notational conventions and the

necessary information about the characters of Sjv- Although CSjv is particularly

suited, in combinatorial theory, to the study of the cycle structure of products

of permutations, any nontrivial use of it leads to the introduction of characters.

Restricted sums of these are difficult to deal with in general, and it is often a

Received by the editors October 24, 1986.

1980 Mathematics Subject Classification (1985 Revision). Primary 05A15, 20C15; Secondary

57N37.

©1988 American Mathematical Society
0002-9947/88 $1.00 + $.25 per page

317



318 D. M. JACKSON

delicate matter to use them to elicit further combinatorial information. Instances in

combinatorial theory in which character theoretic arguments have been used include

factorization of permutations into full cycles (Stanley [10]), random permutations

generated by random transpositions (Diaconis and Shahshahani [3]), asymptotic

estimation of the number of homomorphisms of a particular type from a finitely

generated free monoid to a finite group (Thompson [11]) and association schemes

(Bannai and Ito [1]). See also Rothaus and Thompson [8].

First we express e(k,p) as a multiple of a particular character sum, which is

denoted by T(k,p). We then demonstrate that T(k,p) is zero except for the two

cases T(2n + 1,4c) and T(4n + 2,2q + 1), where n,q are nonnegative integers

here and throughout. Explicit expressions are obtained for these two cases by

considering an integral representation of T(k,p). This is carried out in §§3 and 4,

respectively, for these two cases. The integral representations are further used in

§5 to derive expressions for T(4n + 2,3) and T(2n + 1,4), and again in §6 to show

that T(2n + 1,8) and T(4n + 2,5) satisfy 3-term linear recurrence equations. This

is achieved by expressing each in terms of the hypergeometric series 2Fi (namely,

Gauss' function), and by using the contiguous relations for this function.

It would be desirable to have a direct (combinatorial) proof of the recurrence

equations for T(2n + 1,8) and T(4n + 2,5), which appears to be possible because

they have only three terms. However, among the coefficients of these terms are

polynomials of degrees four and seven with large coefficients. This may mean that

such a proof is very difficult.

It is convenient to have the following notation readily to hand. If 0 is a partition

of N we write 0 \- N. The set of all partitions of TV is a natural index set for

the conjugacy classes of Sat, in which each element of the conjugacy class Cg

corresponding to 0 = [V1212 ■ ■ ■ ] has ij j-cycles for j = 1,..., N. The size of C$ is

denoted by he and is equal to AM/(lS',!2i2i2! • • •). In particular, h\kp\ = (N - 1)!,

h[pk] _ N\/<pk . fc|) and h)^"'2] _ am/(2*p/2 . (fcp/2)!). The irreducible (ordinary)

character associated with C$ is denoted by xe, its value at any element of CQ,

where a h TV, is denoted by \6a, and its degree is denoted by fe(= Xn-vi).

All subsequent computations take place in C[[i]], the ring of formal power series

in the indeterminate x with coefficient ring C. The coefficient operator on this ring

is defined by

[at"]:C[[x]]-¿C: ^/i*4!-/«.
¿>o

Integration on this ring is to be taken formally. As usual, Re denotes the real part

of c € C.

For a nonnegative integer m, the Pochhammer symbol (a)m is defined by (a)m =

a(a+l)(a + 2) ■ ■ ■ (a + m— 1). In simplifying hypergeometric sums over a variable j,

say, we use the (now) familiar device of reducing each instance of the Pochhammer

symbol to the canonical form in which a is independent of j, and m contains only

multiples of j. This may be achieved by using the elementary transformations,

among which are included: (a),¡+} = (a)d(a + d)¡; (a)2j = (^a)3(\ + |a)i4J;

(a)d-j = ( — l)3(a),¡/(l —a — d)j where d,j are nonnegative integers. In the interests

of brevity, details of the simplification of hypergeometric expressions are condensed

to a few salient steps.
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The following constants occur frequently:

K(k,p) = \kp and A(fc,p) = iK(2K)\/K!2,

which are abbreviated in the generic case to K and A, respectively. Throughout,

n, fc and p are nonnegative integers and 2 | fcp, so K is a nonnegative integer.

2.   The character sum and its two cases. Throughout, we shall be con-

cerned with the following character sum.

DEFINITION 2.1.

T(M =  E  Jë^kp^X^y     Ü
OY-kp J

The combinatorial number e(fc,p), which is the subject of this paper, can be

expressed in terms of this character sum as follows.

PROPOSITION 2.2.

e(k,p) = hVP/2W¡T(k,p)/(kp)\

PROOF. Special case of [4, Corollary 2.5].    D

Another combinatorial number may be expressed in terms of T(fc,p). Let c(k,p)

be the number of ways of expressing a p-semiregular permutation as the product of

a full cycle and a fixed point free involution. Then, from the proof of Lemma 2.3

of [4],

c(k,p) = h^2kp/^h^T(k,p)/(kp)\.

Proposition 4.1 and Corollaries 3.8 and 3.9 of [4] may be used to obtain an

expression for the character sum solely in terms of operations on univariate formal

power series.

Lemma 2.3.

T(k,P)= !Z(-i)i(kp;1) l{\A(i+x)-\i-x2)k^2}

7 = 0 ^ '

■[xl](i + x)-1{l-(-xf}k.    D

We first use this lemma to establish when the character sum is zero.

PROPOSITION 2.4. Unless p = 0 mod4 and fc = 1 mod2, or p = 1 mod2 and

fc = 2 mod 4, then T(k,p) = 0.

PROOF. Suppressing the dependence on fc and p, we let sz = [xl]f where

/ = (1 + x)-l(l - x2)fcP/2 and U = [x^g where g = (1 + x)-1{l - (-z)p}fc.

Clearly, f,g G C[x] and are polynomials of degree fcp — 1 in x. Moreover, f(x) =
(-Ijfcp^fcp-iy^-i) so Skp_t_1 - (_i)fcp/2Sjj and grx) _ (-l)k(P+i)xkp-igrx-i)

so ífcp_t_i = (-l)fc(p+1'<¿. We conclude, from Lemma 2.3, that

T(fc,p) = (-l)fc-1+fcp/2T(fc,p),

whence

T(fc,p) = I{l-(-l)*+*"/2}T(fc,p).
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But 1 - {-l)k+kp/2 = o if (a) fc = 0 mod4; or if (b) fc = 0 mod2 and p = 0

mod 2; or if (c) fc = lmod2 and p = 2 mod 4. The result follows by recalling that

2 | fcp.    D
We conclude from this proposition that there are two possibilities, namely,

T(2n + 1,4c) and T(4n + 2,2c + 1), for T(k,p), and that the remaining cases

are zero. These cases are considered separately in the next two sections.

Expressions for the combinatorial numbers e(fc, p) and c(fc, p) are readily obtained

from Proposition 2.2, the remark which follows it, and the expression for h0 given

in §1.

3. An integral representation for the character sum T(2n + l,4q). To

obtain further information about T(k,p) we derive an integral representation for

it. In doing so, extensive use is made of the next proposition concerning the beta

integral.

PROPOSITION 3.1.   Let<S>n+p(p) = ((2n)!/n!)((2p)!/p!).  Then

$n+ (p) = -4n+p(n + p)! i      sin2"a;cos2pxdx.    D
^ Jo

The next theorem gives an integral representation for this case.

Theorem 3.2.

T(fc, 4q) = -A f     (cos49 x - sin4? x)k cos 2x dx.
TT    Jo

PROOF. From Lemma 2.3

4fc(7-l ,

T(kM)= Eí-irí4^- l) m(i+x)-i(i-x2)2k"}
7 = 0 ^ '

■[xi}(l + x)-1(l-x4")k.

Let N, = {0,1,2,..., i}. Then the mapping

p: Nfc_i xN2q_i xNi -»N^fc-i: (j,l,m) y-* Aqj + 21 + m

is bijective. Moreover, if p~1(i) — (j,l,m) then

[x%l + x)-\l-x2)2^ = (-l)l+m(^q-^

and

¡x>}(i+xri(i-x*<>)k = (-i)3+m(k-1^

so

T(/c'4?) = wk¿(-1)J (^ y 1 ) £ (-1)' E(-i)mW2<W +l + m)
( >'   -7=0 ^ '      1=0 771 = 0

j=0 N '   1=0
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where a¡ = 1 if I = 0 or 2q and a¡ — 2(-l)' if 0 < I < 2q. From Proposition 3.1

2    r/2   2q
T(k,4q) = -A Ta, sin2' xcos4«-2' x

*    J°        fo

■ Eí"1)5 ( k ~ 1 ) sin4w xcos4^-^-1)« xdx
3=0 \    J     7

and the result follows.    □

From this representation it is possible to deduce an explicit expression for the

character sum T(fc,4ij).

Corollary 3.3.

where fc = 2n + 1.

PROOF. Let J denote \jp, so J = 0mod2. From Theorem 3.2

T(k,p) = ^A¿(-1)J (k)r/2(sin2Jxcos2^-J+^x

3=0

sin2(J+1>xcos2(*-J>x)dx

= 4^H^ + l)!¿(~1)J(?)(^+l(J)"^+l(J + 1))'

from Proposition 3.1. Now express $k+i(J) and $jc+i(J+l) in terms of Pochham-

mer symbols in canonical form for the sum over j. This gives

mp)__i_y(_1V(k\   G)*   /ilk_ilk.H-*)']
J(Ä'p)-2(i+JfY) ¿( lj UJ(-è-^)ii(èk  ge  (i-Ä)//

where

1 + 2(K-J)    (-§-#)/

It is a straightforward matter to show that u(k — j, fc) = (\)j/(—\ — K)j whence

Since fc = 1 mod 2

,2)2jq^«-iigD-iyO)^
2kq)2}q
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The result now follows by again using the fact that

u{k-j,k)=     {*)j     .   a
(~2 -K)j

4. An integral representation for T(4n + 2,2q + l). An integral representa-

tion for the character sum T(4n + 2,2q + 1) can be obtained in a similar way. The

main points are contained in the next two propositions whose proofs are straight-

forward and are therefore omitted. Throughout this section, let p — 2q + 1 and

fc = 4n + 2.

PROPOSITION 4.1.   Let

rpAVl = (-iyikP.   l\     {[xl\(l + x)-l(l-x2Ykl2}-[xl](l+x)-l(l + Xr

and let p' be the map defined by

p' : N2n x N,_, xN^ Nfcp_i : (j, r, I) h^ 2(2<? + l)j + (2q)l + 2r + l.

Then

(1) p' is injective.

(2) Ifi = 2(2q + l)j + 2t + l whereO<j < 2n andO< t < 2q-l thenvl+x =Vi.
(3) Leti = p'(j,r,l).  Then

K\
Vi = ( 2/ + / ) (-l)1+J+,(9+1)+r^(2î+i)(2„+i,((29 + l)j + r + 1 + Iq).    D

(2K)\

The next proposition follows from Lemma 2.3 and Proposition 4.1.

PROPOSITION 4.2.   Let pi,p = 1 if i = 0 or p, and phP — 2 otherwise.  Then

*• '    7=0 1=0   V '   r=0

q+l)l + r,p

■$(2n+i)p(pj + r+(q + l)l).    Ü

This gives the following integral representation for the character sum. Here, and

in Corollaries 5.2 and 6.2, i denotes the complex number \f-A and Rc denotes the

real part of c € C.

Theorem 4.3.

T(4n + 2,2g+l)

= -AR r   {2cosx(cos2(«+1)j + (-l)«sin2(9+1)i)-cos29+1x}
i" Jo

■ (cos2q+1 x + isin2q+1 x)4n+1 dx.

PROOF. From Propositions 3.1 and 4.2

T(4n + 2,2q + 1) = -A ¿ f    ¿(-ir+,«/X(,+i)i+r,P si
*      1=0 J°        r=0

m2r+lxcosp-2r-lx

In , ,

£(-!)' ( f- + ¡ ) (sinpx)2^+'(cospa;)4"+1-W+i)dx.

3=0 ^ '
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But the integral has the same value at I = 0,1 so putting / = 0 and simplifying the

sum over j we have

4        r¡2 q
T(4n + 2,2q + 1) = - A • R /       V(-l)rpr p sin2r x cos29+1-2r x

n Jo     .to

• (cos2«+1 x + isin2q+l x)4n+1 dx.

The trigonometrical sum is easily simplified to give the result.    D

An explicit expression for T(4n + 2,2q + 1) can now be given.

Corollary 4.4.

r<*'» = Ï77Ï | *"»+ f> -2"" (v) (flK)lp
2I3P

3=1

(i + èp)

where

and

..«i 7A< k \A±m

°(^)=K+«*-")(V)(^f"p2PJnp

PROOF. Let J denote ¿j'p. From Theorem 4.3, T(4n + 2,2<7 + l) = 4AJ/7T where

/•t/2

7 = R /      (2cos29+3x + 2(-l)9cosxsin29+2x-cos2<ï+1x)
Jo

■ (cos2«+1 x + ¿sm2«+1 x)4n+1 dx.

Next, we expand this, integrate it using Proposition 3.1 and reduce the Pochham-

mer symbols to canonical form, to obtain / = \kIi + ^Trß(k,q)I2 where

2ti
T   _     (2)k     V^/4n+l\       (2)2J      . .

and
2n

.       _   j^{4n+l\  (èP+l)aj

2      M *>  Jíi^k/
For /lt let j — 2n + 1 - j' and let J' denote hpj' so 2J = K - 23'. It is a routine2
matter to check that

/4n + l\ _ /4n + l\ ,        (\)%r      _        [\h.i
\ 2f )-\2j-i)   and  a-K)2r-   a-K):K)2J

whence

{2hj

*-*+S«*-*"(\+,)irä")2j
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For I2, let j = 2n - j" and let J" denote \pj" so 2J = K - p - 2J". Again, it is

readily seen that

\p)2j»      (i + hhj/4n+A      /4n+l\ ,     (1 + \

Khj«      lh-Khj2y    ";w"       V2

whence

('4n + l\    (1 + \p)np       \^ (An + 2\    (1 + |p)2j

2n   ) (-K + \p)np+^\2j + l) (-K + h)2J

which gives the result.    D

5. Some particular values of the character sum. The integral representa-

tion of T(fc, p) may be used to obtain explicit expressions in certain special cases.

Corollary 5.1.

T(2n-1,4)=43""2'
)(ï:i)

-1

PROOF. From Theorem 3.2

1     ctt/2

T(2n-1,4)=42(2"-1)-^C^~2)      Í   (cos4x - si^x)2""1 cos2xdx

-**-1)(S:inf"d***
The result follows from Proposition 3.1.    D

This agrees with [2].

Corollary 5.2.

PROOF. From Theorem 4.3

T(4n + 2,3)=(^y\^

1 /•t/2

•-R /      (3cos3x + cosx)(cos3x + isin3x)4n+1dx.
i"    Jo

Now

fTr/2

R /      (3cos3x + cosx)(cos3x + î"sin3x)4"+1dx
Jo

i       1     rn/2
= -R—r— /      (3e3iI + 3e-3¿x + e" + e-<I)e(4n+1>"(3 + e-4«)4n+i2  4477+1 y0   v / v 7

1 4n+l   ,.      ,   1 \

= ^¿TT- £  (    J   J34n+1-J(3A,(4)+3AJ(-2) + AJ(2)+AJ(0))

¿=0

where

\3(0) = rJ"     e(4(«-i)+«)« dx = 1,^/4+nj,
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provided 9 is even. But Xj(—2) = Xj(2) = 0 so

r-ir/2

R
/        (3JO

2 • 44n+l   L^i

cos 3x + cos x) (cos3 x + i sin3 x)4n+1

4n+l

dx

.   V4n7+1j34n+1-y-|(3-^n,i + Vi)
¿=0   v    •'     /

33n+l ^4„ + 2\

44n+2 \ n + 1 /

and the result follows.    G

6. Recurrence equations. We next show how an explicit recurrence equation

can be obtained for T(2n — 1,8), by using the contiguous relations of Gauss for the

2Fi (Rainville [7]).

Corollary 6.1. Let

Then {bn\n > 1} satisfies the 3-term linear recurrence relation

12(n + l)(3n + 4)(3n + 5)(8n + l)6„+2

= (n + 2)(3328n3 + 7072n2 + 4104n + 435)6n+1

+ 64n(n + l)(n + 2)(8n + 9)bn

with the initial conditions 6i = 7/4,b2 = 203/32.

PROOF. From Theorem 3.2

T(2n-1,8) = 44(2"-1' (g^J®)   ' \ f^ (cos8 x - sin8 x)2""1 cos2xdx

= 47"-4 ( l^~* )   ' 1 f(l + cos2 x)2"-1 cos2" xdx.

Expanding this and using Proposition 3.1 gives

-1 271-1

n*-.,g) = ,.«~(£_-»)- ¿ (27l)(*++;)

(n)(

A3

= 2 • 46n~ ■

where

b„ = 2F1

16n-8

8n-4

1 -2n, \ +n

-, 1 + n

thereby identifying bn as Gauss' function. Let

a, b .
F — 2Fi

-, c
and    F[a ± 1] = 2Fi

a±l,b

-,c
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and similarly for F[b ± l],F[c ± 1].   Among the relationships satisfied by these

contiguous series are the following (Slater [9])

(1) (c - a)F[a - 1] = {c - 2a + (a - b)x}F + a(l - x)F[a + 1],

(2) (c - a)(c - b)xF[c + 1] = ac(l - x)F[a + 1] - c{a + (b - c)x}F,

(3) (c - a)F[a - 1} = (b - a)(l - x)F + (c - b)F[b - 1],

(4)

Let

An = 2Fl

bF[b + l] = -(c-b- 1)F + (c- l)F[c - 1].

-l-2n,\+n.-l-2n, i +n

-,2 + n

Zn = 2Fi

Then these satisfy the following

1 Bn = 2F1

—2n, \ + n.

-,1 + n   '

-,1 + n
-1

1

(5) -An + 2(1 + n)Bn = (1 + 2n)6n+i    from (4),

(6) (2 + 3n)An + (l + n)(l + 4n)5n-4(l + n)(l + 2n)Z„ = 0   from (2),

(7) 2(1 + 3n)Bn - (16n + 3)Zn = -8nbn    from (1),

(8) An - 6(1 + n)Zn+i = -2(5 + 6n)6„+1    from (3).

Elimination of Bn,Zn between (5), (6), (7) gives

(9) (16n2 - 12n - 5)bn+i - 64n(n + l)6n + 7(8n + l)An = 0.

Elmination of An,Bn between (5), (6), (7) gives

7(n + l)(8n + l)Zn - 2(3n + l)(3n + 2)bn+i - 40n(n + l)bn = 0,

which gives, on replacement of n by n + 1,

(10) 7(n + 2)(8n + 9)Zn+i - 2(3n + 4)(3n + 5)6n+2 - 40(n + l)(n + 2)bn+i = 0.

The recurrence equation follows by eliminating A„ and Zn+i between (8), (9), (10).

The initial conditions are obtained by direct calculation of i>i and b2.   G

In fact, it is readily shown that the initial conditions 60 = 0, 61 = 7/4 generate

the same sequence. The selection of the value of bo is arbitrary.

The task of obtaining a linear recurrence equation for T(4n + 2,5) is more diffi-

cult.

COROLLARY 6.2.   Let

T(4n + 2,5) =

25-52(2n + l)(27-54)"(4nnHl)

(3
, 0v /20n + 10\,
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Then {cn\n > 0} satisfies the Z-term linear recurrence relation

54(5n - 2)(5n - l)(5n + l)(5n + 2)(2800n3 - 7000n2 + 5692n - 1503)cn

= 2 ■ 53(5824000n7 - 14560000n6 + 10831360n5 - 652000n4

- 1952864n3 + 465176n2 + 32736n - 7623)cn_,

+ 210 • 3(n - l)2(3n - 2)(3n - l)(2800n3 + 1400n2 + 92n - ll)cn_2

with the initial conditions cq = 11/10, Ci = 61/40.

PROOF. From Theorem 4.3

T(4n + 2,5)= i™*1? V1 4«<a»+1> -/'
\ lOn + 5 ) -K

where

f*/2
V = R /      (2cos7 x + 2cosxsin6 x - cos5 x)(cos5 x + ¿sin5 x)4n+1 dx

Jo
i rw/2

= 2(42)4n+2R /      (5e5lx + e3tx + 10e'* + lOe"11 + e'Zlx + be~blx)

. e(An+l)ix^Aix + 5e-4¿x + lfj)4n+l ¿x

2(4

1 W2
î]4^+2R I X,
; J0 r,s,t>

5S10

>0
r+s+i=4n+l

4n + l

, r, s, t .

J2 axeWn+r-s)+X)ix ¿x

A£{6,4,2,0,-2,-4}

where o_4 = 5, a_2 = 1, ao = 10, a2 = 10, 04 = 1, a$ — 5

. 1

= 7 ?42V4ñ+2    Z^ 2-*t4(42)
5s 10*

since

A = -l        r,s,t>0
r+s+t=4n+l
n+r-s+X=0

cir/2

4n+l
Û4A

I J4(n+r-s)+X)ix j_ _ " c

provided A is even. In the preceding expressions

Lift]    den°teS   "/(haftO-

Thus

jr_    1
7'421471+2    Z^

*■     ' A=-lr>0

/' =
V^   y^gr+n+A , 2Q3n-2r+l-A 4n + l

r, r + n + A, 3n - 2r + 1 - A
04A

■K     10

4(42)2

/5103\" ^    1 /4n + l\
{-&-)     L._Jxa^\n + \)

-i-3n/2 + A/2,-3n/2 + A/2|1/5
, 1 + Tl T" A
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where, for these values of A, the 2Fi's are naturally terminating.

Let
-3n/2, -1/2 - 3n/2 .

and

Gn — 2F1

Hn — 2F1

cn = 2F1

-,1 + n

-3n/2,1/2 - 3n/2
-,1+n

l-3n/2,-l/2-3n/2

|l/5

11/5

|l/5
-,1 + n

We use the following contiguous relations:

(1) (c - l)F[c - 1] = (c - a - 1)F + aF[a + 1],

(2)

(3)

(c - a)xF[c + 1] = cF[b - 1] - c(l - x)F,

(c - a)F[a -l) = (c-a-b)F + 6(1 - x)F[b + 1]

in the notation given in the proof of Corollary 6.1.

From (1), (2) and (3) respectively

(4)        2n2F, -1-3^2,-1/2-3^2^

(5)       (5n + 2)2Fi

(6)

From (4) and (5)

-,n

-3n/2,1/2 - 3n/2

/5

|l/5

= (5n + 2)cn-(3n + 2)Gn,

= 10(n+l)Gn-8(n + l)Hn,
-,2 + n

5(5n + 2)cn = 5(8n + 3)Gn - 4(3n + l)Hn.

TtA-n , 9 ^ - o3   r I 20n + 10
T(4n + 2,5)-2   -5(   1Qn + 5

/20n + 10\   1 (7     4.„

1, lOn + 5 ;     (¿   ■ 5 '

■{5-(^^)((5n + 2)cn-(3n + 2)Gn) + 10(in^)Gn

+ 5^(4nn++l1)(5(n+1)G"-4(n + 1)i/")}

\ 5(5n

\   3nH

25-52(2n+l)(27-54)"i4nn+M

lOn + 5 w

i^rc« + ^-r^(5(8n + 3)G" - 4(3n + l)H*))
+1 on + ¿ )

(3
.. /20n + 10\

n + 2)(l0n + 5J

cn,    from (6).

We can now obtain a linear recurrence relation for cn by using the following con-

tiguous relations:

(7) (c - a)(c - b)xF\c + 1} = bc(l - x)F[b + 1} - c{b + (a - c)x}F,
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(8) (a - 1 - (c - b - l)x)F +(c- a)F[a - 1] - (c - 1)(1 - x)F[c - 1] = 0,

(9) (c - a)F[a - 1] = {c - 2a + (a - b)x}F + a(l - x)F[a + 1}.

Let Pn = iFxI1-3"/2'-1,/2-3"72!!^]^« = .Fil1-3^-1/2-^2^}. Then

(10) (5n-2)(5n + l)Qn = -8(3n+l)ncn_i+2n(20n + 3)Pn    from (7),

(11) -(20n + l)Qn + 25nGn - 8nPn = 0   from (8),

(12) 5(5n + 2)cn = (40n + 11)G„ - 12nQn    from (9),

(13) 5(5n-l)Pn = (40n-ll)cn_i -4(3n-l)Gn_i    from (9).

Elimination of Q„, Gn between (10), (11), (12) gives

(14) 53(5n - 2)(5n + l)(5n + 2)cn = 10(2800n3 + 1400n2 + 92n - ll)Pn

- 8(3n + l)(500n2 + 260n + ll)c„_i.

Elimination of Pn,Qn between (10), (11), (12) gives

27 • 3n2(3n + l)cn-i = 52(5n + 2)(100n2 + 12n - l)c„

- 5(2800n3 + 1400n2 + 92n - 11)G„,

which gives, on replacement of n by n — 1,

.    .    27-3(n-l)2(3n-2)c„_2 = 52(5n-3)(100n2-188n + 87)c„_!
(15) , „

- 5(2800n3 - 7000n2 + 5692n - 1503)G„_ i.

The recurrence equation follows by eliminating Pn and Gn-i between (13), (14),

(15). The initial conditions are obtained by direct calculation of Co, C\.    G

7. Concluding comments. The question of counting p-semiregular permuta-

tions in Sn which are expressible as the product of a full cycle and a i-semiregular

permutation is also of combinatorial interest. However, for cases other than t = 1,

which is trivial, t = 2, which has been treated here, and t = n this problem seems

to be intractable.

The expression for T(4n + 2,3) given in Corollary 5.2 was conjectured from evi-

dence drawn from computer computations based on Lemma 2.3. The eliminations

needed to derive the recurrence equations for T(2n — 1,8) and T(4n + 2,5) given

in Corollaries 6.1 and 6.2, were also carried out by means of a computer. In both

instances, the computations were done symbolically using the Sun Unix Macsyma

Beta Test Release 308.2 in the Department of Mathematics at MIT.

ACKNOWLEDGMENTS. This work was carried out during visits by the author to

the Mathematics Department at MIT during May and July 1986, and was supported

by a grant (A8235) from the National Sciences and Engineering Research Council

of Canada.

Appendix. Figure la gives the map corresponding to the vertex permutation

(1 5 3)(2 6 4) and edge permutation (1 4)(2 5)(3 6). Figure lb gives the map

corresponding to the vertex permutation (1 8 11 6) (2 5 12 7) (3 10 9 4) and the

edge permutation (1 7)(2 4) (3 9)(5 11)(6 12)(8 10). Figures 2a and 2b give a

representation of the single face (1 2 • • -6) and (1 2 •12), respectively, for these

maps by cutting along each edge.
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(a) (b)

FIGURE  l.  The map given in Figure la has genus one,
while the map in Figure 2a has genus two.

(a) (b)

FIGURE 2. The face of the map given in Figure la is
redrawn in Figure 2a, and is encoded by the permutation

(1 2- • • 6) € Se- The face of the map given in Figure lb is
redrawn in Figure 2b, and is encoded by the permutation

(1 2- • ■ 12) € Si2. Each permutation gives a directed cycle
corresponding to a face boundary.
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